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Abstract

The influence of Prandtl number on statistical parameters characterizing turbulent transport and the spatial variation of the
mean-square of the temperature fluctuations, 0%, is described. The system considered is fully developed flow in a channel for which
the bottom wall is heated and the top wall is cooled. Results from direct numerical solutions of the Euler balance equations for
Pr=0.3, 1, 3, 10 and Lagrangian studies, in a DNS, of the dispersion of heat markers from wall sources for Pr=0.1-2400 are used.
The Eulerian results for Pr =10 are new and of particular interest. A time scale o can be defined from the dissipation of ky = 0 /2,
as 19 = ky/ep. This is analogous to the time scale defined from the dissipation of turbulent kinetic energy, t = k/e. Prandtl number is
found to strongly affect 7, and the correlation, ;0/(1?)"/*(6%)"/*. These results can be understood by recognizing that the spectral
density function for temperature fluctuations extends over an increasingly larger range of wavenumbers as Pr increases. The ob-
served effect of Pr on 7, suggests fundamental problems in developing relations for the turbulent diffusivity by a kyt7y approach
analogous to the kt approach used to describe momentum transport. The use of a gradient transport model to represent the tur-
bulent transport of &y also has fundamental problems. © 1999 Elsevier Science Inc. All rights reserved.
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Notation Ry, correlation coefficient of 0 and v
Sc Schmidt number
¢ specific heat at constant pressure r temperature
D molecular diffusivity r mean temperature
D turbulent diffusivity Tw temperature at the wall
H half channel height T* frlCthﬂ temperature
K mass transfer coefficient £ time
k turbulent kinetic energy or fluctuating mass u velocity vector .
transfer coefficient u, v, w fluctuating velocity components in the x, y, z
ky streamwise wavenumber directions
ko half the mean-square temperature fluctuations Us friction Velog:lty ) _
n exponent that describes the variation of D! Wao spectral density function for 06
with the distance from the wall Way co-spectral density function for v
P pressure X, y, z st.reamwise, normal and spanwise cogrdinates
P streamwise pressure gradient Yw d_1$tance from the lqwer wall made dimen-
. f 5 sionless by wall variables
o et e e i
Pr' turbulent Prandtl number Greek
q local heat flux Ay thickness of conductive layer
7 w4+ v? +w? € dissipation of turbulent kinetic energy
qw heat flux at the channel wall €9 dissipation of temperature fluctuations
R, correlation coefficient of 6 and u & e —1 /pr(a(ﬁ)lﬂ Joy)?
Ko von Karman constant for temperature
D Taylor microscale for temperature in the x
direction
Ay Taylor microscale for temperature in the y
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A Taylor microscale for temperature in the z
direction
Ao Taylor microscale defined by

Vg =1/ +1/0 +1/2
kinematic viscosity

turbulent kinematic viscosity
vorticity vector

pseudo pressure

fluid density

standard deviation

time scale of velocity field
time scale of temperature field
fluctuating temperature
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1. Introduction

The principal theoretical problem in turbulent transport is
to relate local rates and temperature fluctuations to the
properties of the fluctuating velocity. The classical approach
has been to use the analogy which assumes the eddy diffusivity
of heat, D', is proportional to the eddy kinematic viscosity, v'.
The implementation of this approach requires the prediction of
the turbulent Prandtl number, Pr' = v'/D'. The modelling of
Pr' has often involved the utilization of the dissipation of the

variance of the temperature fluctuations, 6*/2=kj, in a
framework that mimics the use of k in the k/e equation for
momentum transport (Launder, 1978; Nagano and Kim, 1988;
Youssef et al., 1992). Another approach has been to develop
an equation for the scalar transport term, 6u; (Launder and
Samaraweera, 1979; Nagano and Tagawa, 1988 ; Nagano and
Tagawa, 1990). A critical test for models of scalar-transport is
their ability to predict the influence of Prandtl number on
statistical parameters that appear in the equations describing
the system.

With advance of large scale computers, several direct
numerical simulations of turbulent channel flow with heat
transfer were carried out (Kim and Moin, 1989; Kasagi and
Ohtsubo, 1993; Kawamura et al., 1997, Kawamura and Abe,
1998; Wikstrom and Johansson, 1998) for Pr<5 with dif-
ferent types of thermal boundary condition. This laboratory
also has been addressing the question raised above by
studying fully developed heat transfer in a channel in which
the bottom wall is heated and the top wall is cooled at the
same rate so that both walls are kept at constant tempera-
tures (7, and —T,,). Since the velocity and temperature fields
are fully developed, the heat fluxes at different distances
from the bottom wall are the same. Direct numerical simu-
lations of the Eulerian balance equations for Pr=0.05-10
have been performed. Lagrangian studies have been carried
out that involve the study of the dispersion of heat markers
from wall sources characterized by Pr=0.1-2400. This paper
gives an account of these studies. Particularly noteworthy
are the recently developed DNS for Pr=10 and the dem-
onstration that Lagrangian methods can be used at arbi-
trarily large Pr.

Results are presented for the turbulent diffusivity, for the

terms in the balance equation for kg, for the correlation coef-
ficients, Ou;/(0°)'"?(u?)"?, and for the timescale defined from
the thermal dissipation, 1y = (92/2)/69. An understanding of
the influence of Pr on these quantities needs to recognize that

the spectral density function for 0° extends over an increasing
range of wavenumbers as Pr is increased. An important con-
clusion is that the use of 15 in developing models for the
temperature field is flawed.

2. Methodology
2.1. Eulerian approach
Numerical solutions are obtained for the three-dimensional,

time-dependent Navier-Stokes equation in a skew-symmetric
form and the advection—diffusion equation.

%: (u x ®) — VIT — Pe, + Vu, (1)
or 1_,

E—u-VTJrEVT, (2)
where

o=V xu, (3)
N=P—-Px+ (u-u)/2 4)

and u and P denote the velocity vector and the static pressure.
All variables are made dimensionless by using wall variables.
Solutions of Egs. (1) and (2) are obtained, which are periodic
in the streamwise and spanwise directions, by using the algo-
rithm described by Lyons et al. (1991). The Reynolds number
based on the friction velocity and the half-channel height, H, is
150. In presenting the results, x, y, z and u, v, w represent co-
ordinates and velocity components in the streamwise, the wall-
normal and the spanwise directions.

The results for Pr=10 are for an x, y, z grid of
128 x 193 x 128. The resolution in the y-direction varied from
Ay = 0.02 at the wall to Ay = 2.45 at the center of the channel.
The resolutions in the x and z directions were Ax =15, Az="7.5.
Preliminary computations were conducted on a coarse grid
and the flow field was interpolated onto the 128 x 193 x 128
grid. A time of about 800 v/u? was required to reach a sta-
tionary state and the averaging time was 715 v/u?. Averaging
was also carried out in the x and z directions so the statistics
vary only with y. A memory of 2 gigabytes was required on a
HP/Convex-X. Computer runs were also carried out with grids
of 128 x 257 x 128 and 128 x 193 x 256 to ensure adequacy of
the resolution. These computations were performed for long
enough time to get reasonable mean statistics up to second
order. The results show the following: (a) A wall-normal res-
olution of 193 grids is required; higher resolution in this di-
rection improves calculations of the mean temperature and the
root-mean square of the temperature fluctuations only slightly
(peak rms temperature fluctuations differ by 1.6%). (b) The use
of a higher resolution in the spanwise direction (256 grid
points) does not produce significant changes in the first-order
statistics.

The results presented in this paper for Pr=0.3, 1 and 3
were obtained for a 128 x 129 x 128 grid for which Ay varied
from 0.045 to 3.68. A time of about 1000 was needed to
reach a stationary state; averaging was done over time peri-
ods of 775, 750, 370 v/u? for Pr=0.3, 1.0 and 3.0, respec-
tively. A memory of 0.7 gigabytes was needed on a HP/
Exemplar-S.

A principal focus of this paper is the comparison of cal-
culations with Pr=1, 3 and 10. For low Peclet numbers, equal
to the product of Re and Pr, the turbulent diffusivity is qual-
itatively different from what is found for large Pe, in that
molecular diffusion is causing the turbulent diffusivity to de-
crease because of ‘“leakage” of thermal tags from eddies
(Kontomaris and Hanratty, 1994). Because of the low values
of Pe used in the DNS, this becomes important for Pr=0.3,
for which the ratio of the molecular diffusivity to the turbulent
diffusivity is about 1/3.
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2.2. Lagrangian calculations

The trajectories of heat markers released at time £, from an
infinitesimal source on the wall were calculated in a DNS of
channel flow. The Reynolds number based on the half-height
of the channel and the friction velocity was 150. The calcula-
tions were done with an x, y, z grid of 128 x 65 x 128. The
particle tracking method developed by Kontomaris et al.
(1992) was used. Each marker moves due to convective and to
molecular effects. The convective part of the motion is calcu-
lated from the fluid velocity at the marker position. The effect
of molecular diffusion is simulated by imposing a three-
dimensional random walk on the particle motion; it is added to
the convective part of the motion after each time step, Az, and
takes values from a Gaussian distribution with zero mean and
standard deviation ¢ = (2A¢/Pr)"?, in wall units (Papavassi-
liou and Hanratty, 1995; Kontomaris and Hanratty, 1994). A
total of 16,128 markers were released on a 127 x 127 grid that
covered the bottom wall. The behavior of the markers was
followed over a time period of 2750 wall units. A time step of
At =0.25 was used.

The experiments with instantaneous sources provide the
probability function, Pj(x —xo, y, ¢—ty) dxo dfy. A physical
interpretation of P, is that it represents the evolution in time of
the ensemble average of markers released instantaneously from
a line source at the wall. Since the flow field is homogeneous in
the x and z directions, there is no statistical dependence on the
initial location of the point sources.

Probability P, can be used to obtain information about the
behavior of a continuous line source at x, by integrating over
time.

Pz(X—X(),y) = Pl(x—X(),y,l—to) d(l—to). (5)

c\g

The distribution of mean temperature over a plane source is

x

T(r.y) = / P —x0, ) d(x — x0). (6)

The temperature field from a heated bottom wall and a cooled
top wall is then given as

x

T(r,y) = / Pax = x0,9) — Palx —x0,—p)] dx—x0), (7)

where y is the distance from the center of the channel. A
fully developed temperature profile is obtained by letting
X — OQ.

The Eulerian simulations used T,, = constant as the boun-
dary conditions for the mean temperature at the wall. In order
to compare Lagrangian results with the Eulerian results, a
weight function, w(¢), needs to be introduced so that the
number of markers at the wall remains constant throughout
the time integration. Eq. (7) thus becomes

T(x,y) = //w(t — 1) Py (x — x0, ¥, — to)d(x — xo) d(¢ — to)

(8)
with
w(t — 1) = LoTh==ht=t) 9)

Ty

3. Results from Lagrangian method

Results from the Lagrangian analysis have been presented
by Papavassiliou and Hanratty, 1995; Papavassiliou and
Hanratty, 1997. This section gives a brief review of the find-
ings, in order to enhance the discussion of the effects of Pr on
statistical properties of the temperature field. Fig. 1 shows a
typical path for a thermal marker with Pr =100, that started at
the wall, y = —H/2, t = t,. The ordinate is the dimensionless
time, ¢, and y,, is the dimensionless distance from the wall. At
small times the markers move away from the wall by molecular
diffusion. Eventually they become entrained in the turbulence
and turbulent motions dominate their dispersion from the
wall. The distance from the wall at which the marker becomes
entrained in the turbulence increases with decreasing Prandtl
number. Three zones are observed: a region where molecular
diffusion dominates, a region where there is an interaction
between molecular and turbulent diffusion, a region where
turbulent diffusion dominates. For very small Prandtl numbers
only the first two regions are present. Fig. 2 shows the average
locations at two different times of a large number of Pr=1
markers that originate at the wall at #=0. This clearly shows
that a specific region of space will be primarily affected by
markers released over a specific time interval.

D D S —
5

150

< 100 .
50 by ]
Pr=100 i
0 ¢ L
25 3
Fig. 1. Typical trajectory for a thermal marker with Pr=100
-50p -50¢
50k =50 sot t=100
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-100} -100F
-110§ -110
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-140 -140 /
1505 500, 150 500, 1000

Fig. 2. Spatial distributions of Pr = 1, heat markers released at the wall
at t=0.
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Results such as these can be used to calculate the average
temperature field at a given distance downstream, x, from the
entrance of a section where heat is added to the fluid from the
bottom wall at a constant rate and removed from the top wall
at the same rate. For large enough x the average temperature
field, calculated in this way, reaches a fully developed condi-
tion. This analysis was used to calculate the mass transfer
coefficients, made dimensionless with the friction velocity, that
are presented in Fig. 3.

Results from three separate laboratory studies in a pipe at
Sc=2400 are also presented, as are results from the DNS. In
studies with the DNS, the temperature driving force is defined
as the difference between the temperature of the bottom wall
and the bulk temperature in the bottom half of the channel
[rather than the centerline temperature as used by Papavassi-
liou and Hanratty (1997)]. The Lagrangian calculations agree
closely with the laboratory measurements and with Eulerian
calculations. The straight line represents the relation developed
by Shaw and Hanratty (1977) from their measurements of
mass transfer in a pipe over a range of Schmidt numbers of 693
to 39,300. The Lagrangian calculations of mass transfer rates
and eddy transport coefficients (Papavassiliou and Hanratty,
1997) support the controversial suggestion of Shaw and
Hanratty that K ~ Sc %7 at large Sc, rather than as Sc™*/* or
Sc™3/*. They are represented by D' ~ >3 for large Pr, rather
than y3. The results from the DNS at smaller Pr, however, are
represented by K ~ Sc™"**. Interpretations of the results at
large Sc have been presented by Campbell and Hanratty (1983)
and by Hanratty and Vassiliadou (1988).

An interesting comparison between the Lagrangian and
Eulerian computations can be made. Both use the turbulent
velocity field obtained from a DNS. For the present, the
Eulerian calculation is limited to Pr<10. However the La-
grangian calculation can be done for arbitrarily large Pr. An-
other result (Papavassiliou and Hanratty, 1997) coming from
Lagrangian calculations is that the spatial variation of the
turbulent diffusion coefficient observed in the Eulerian analysis
is not entirely due to spatial variations of the turbulence — but
is strongly affected by the time-dependency of turbulent dif-
fusion. Many aspects of the physics of turbulent transport are
understood more clearly with the Lagrangian analysis for the
simple case of turbulent flow in channel. To complete this
theoretical approach one needs to develop a model for diffu-
sion from a wall source.

10! T T T
10° .
10" E 4
¥ 102 | .
103 _ x Lagrangian _
o  Experiment E

i =0.0889*Sc™0-794 for 600<Sc<32,000 ]

10 b o Eulerian .
E oo K=0.0509*Sc0-346

10-5 [ il ekl ol ol el ol .A

1072 10" 100 10! 102 108 10*

Pr or Sc

Fig. 3. Comparison of values of K obtained by Eulerian and La-
grangian methods. The line indicates measurements for large Sc.

4. Results from Eulerian calculations
4.1. Mean temperatures

Mean temperatures, obtained from the Eulerian calcula-
tions, are shown in Fig. 4 for Pr=1, 3 and 10. The abscissa is
the distance from the center of the channel made dimensionless
with the half height. The ordinate is the mean temperature
relative to the centerline temperature divided by the absolute
value of the difference of the wall temperature and the cen-
terline temperature. Lagrangian results for Pr=1,10 are also
presented for comparison. The good agreement provides sup-
port for the accuracy of the Eulerian calculations. Fig. 5 is a
semi-logarithmic plot in which the abscissa is the distance from
the bottom wall made dimensionless with the friction velocity
and the kinematic viscosity. The ordinate is the difference be-
tween the local mean temperature and the wall temperature
made dimensionless with the friction temperature,
T* = qw/pcyu.. Even though an extensive well-defined loga-
rithmic layer is not expected, straight lines represented by the
equation

1 g
................. Pr=1.0
° e Pr=3.0 E
A\ ° Pr=10.0 E
0.5 Y ° Pr=1.0, Lagrangian -
t \”‘“oc% A Pr=10.0, Lagrangian:
| Seel %o ®00.q o |
I—; F
~ 0 B
- 3
-0.5 -
_1-||||I||v|!||||I|»||||;_L|_L‘|||I4r||I||||I||||I|\«|
-1 -08 -06 -04 -02 O 02 04 06 08 1

y/H

Fig. 4. Comparison of mean temperature profiles.
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Fig. 5. Mean temperature profiles in semi-log coordinate.
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T-T,
T*
are presented, where xy=0.22, 0.21, 0.23 and By = —1.0, 14.7,
49.5 for Pr=1, 3, 10. It is noted that the slope 1/xy is ap-
proximately constant for the Pr considered. These xy are lower
than the values of 0.48 obtained by Subramanian and Antonia
(1981) for a turbulent boundary layer and 0.45 for measure-
ments in an electrically heated pipe obtained by Johnk and
Hanratty (1962). This difference in «, is thought to be due to
the thermal boundary condition at the wall and the much
lower Reynolds number considered in the present work. A
conductive sublayer exists close to the wall where turbulence is
making a negligible contribution to the transfer of heat. Its
thickness for Pr=1, 3, 10 is, respectively, y, =6.0, 3.6, 1.9.
Thus, the thickness of this layer, Ay, varies as Pr~/2, over this

range of Pr.

(10)

1
:_lnyw + By
Ko

4.2. Balance equation for temperature variance

Measures of the magnitude of the temperature and velocity
fluctuations are 0° and ¢> =« + v? + w2. A balance equation
for ky = 92/2, analogous to the balance for k = ?/2, can be
written as follows for fully developed flow in a channel:

2. 2
o_ _gdl_1d0y 1 &%k
Pr dy?

1 <aa)2 (aa)z (ae>2

Pr |\ ox + oy + oz ) |’
where 7 and 0 are the mean and fluctuating temperatures. All
variables in this equation (and in subsequent discussions) are
made dimensionless with the kinematic molecular viscosity, the
friction velocity, u,, and the friction temperature, 7*. The
terms in Eq. (11) are the production of %, the turbulent
transport of ky, the molecular transport of &k, and the dissi-
pation of kj, which has been designated as €. A sensitive test
that a stationary state has been reached is when the sum of
these terms equals zero. For Pr= 10, the maximum imbalance,
which occurs in the middle of the channel, is about 1.2% of the
maximum production. As more samples are added, this im-
balance decreases very slowly but the overall shapes of the
curves representing terms in the budget hardly change.

Figs. 6 and 7 present values of v and the production of
temperature fluctuations, Py, for different Pr. As Pr increases,
the heat flux by turbulent transport, 0v, becomes increasingly
important near the wall. In the middle of the channel, the effect

(11)

1.2 T T T ]
r_—————— “
08 ” ]
> F ]
o 06 :
04 (Fi Pr=1.0 1
i e Pr=3.0 :
) Pr=10.0 ]
0.2 i} ]
0 .'-":‘ PR SR TR SN VAT WS YT SN NN SR S SR SN S S S 1 L
0 30 60 90 120 150

Yw

Fig. 6. Comparison of 0v.
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24 N e Pr=3.0 i
i Pr=10.0 ]
2 ]
16 [ ]
> B .
. . ]
12 ]
- ]
0.8 | ]
0.4 [ 1
0 1 phrinietuiak dnle/niainieinliniel
90 120 150

Yw

Fig. 7. Production of ky, Pp.

of molecular conductivity is relatively small and heat is mainly
transported by the turbulence. Due to the finite temperature
gradient (Fig. 4), the production does not go to zero in the
middle of the channel. Sharp maxima in the production are
noted close to the wall and a smaller broad maximum is ob-
tained in the center of the channel. Fig. 8 presents calculations
of the root mean-square of 0. Maxima correspond roughly
with the maxima in the production of ky. Due to the increase in
production with increasing y,, in the middle of channel, tem-
perature fluctuations increase with y,, in this region for all Pr.
Plots of the correlation coefficient Ry, = Ou/ (0%)'2 ()"
and Ry, = 0v/(0%)"*(1?)"/? are presented in Figs. 9 and 10. The
strong decrease of these correlations with increasing Pr is
particularly noteworthy. As shown in Fig. 6, Ov is higher for
higher Pr throughout the channel. In order to understand the
decrease in Ry,, it is useful to look at the behavior of 0v and 6°
in wavenumber space. Figs. 11 and 12 are the cumulative
spectral density functions of Ov and 0> versus wavenumber in
the streamwise direction, k., at y, = 25. Plots of f(f’ Wy dk,
show that the contribution from high wavenumbers to 6* in-
creases in importance as Pr increases. However, its influence
on the cumulative co-spectral density function for Ov is
relatively small. This is because high wavenumbers do not
contribute significantly to v2, as they do to 6” at large Pr. Thus,

15 ———TT T
................. Pr=1.0
N e Pr=3.0
2r Pr=10.0
9
Q [
N 1
[ 1
6
3
L
0' L o I ol L
0 30 60 90 120 150

Yw

Fig. 8. Temperature fluctuations.
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y/H

0.8 ——————T—T——T—————————

-1 -0.8 -0.6 -0.4 -0.2 0
y/H

Fig. 10. Correlation coefficient Ry,.

the ratio of%/(@z)l/z(vz)l/2 decreases as Pr increases. It should
be noted that the calculations for Pr=10 in Fig. 12 used 256
grid points in the x-direction. This accounts for the larger
range of k, studied for this condition.

Calculations of ¢ are presented in Fig. 13. The very high
values close to the wall are in a region where the instantaneous
temperature profiles are linear but oscillating in time, Usual

practice is to define a term ¢y = ¢y — 1/Pr (6(?)1/2/6y> which
does not include the dissipation associated with these oscilla-

tions. Thus, the modified dissipation can be represented as
follows:

- - — 2
o L0V (0N 10Nt oy
T pr |\ oz Pr |\ 3y dy

(12)

Values of ¢, are presented in Fig. 14. One can use Eq. (12) to
define a microscale, analogous to that defined by Taylor for
the dissipation of turbulent energy,

101

where

3 ———

12 N

0.3 |- Pr=10.0 i

okllllllxlllllklllllllllLII_tJALIl;II

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14
kx

Fig. 11. Cumulative co-spectral density function of v at y =25.

0 0.08 0.12 0.16 0.2 0.24 0.28
50 T T
: ...... .- Pr=1.0
- - Pr=3.0
w0l Pr=10.0 (256 grids in x) ]

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14
kx

Fig. 12. Cumulative spectral density function of 0 at y=25.

11 11
S==+>5+. (14)
R R

The scale, 4y, is found to decrease with increasing Pr. The
plot for Pr=0.3, 1.0, 3.0, 10.0 in Fig. 15 shows, for a fixed
Reynolds number, that 1y ~ Pr=/3. This result is consistent
with Fig. 12 which shows that the contributions of high
wavenumbers to 6> becomes more important with increasing
Pr.

5. Results on turbulent diffusivity

A turbulent diffusivity of heat is defined as

Ov=D"—. 1
Ov O (15)
This can be obtained from calculations of v and d7/dy. It
can also be calculated from a knowledge of 7(y) and the heat
flux, gy, at the wall. Since a fully developed condition is
considered,

40) = qw = —(D+D‘>(”§—*f). (16)
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If this is written in a dimensionless form,

1 N\ dT
= (Pr P ) dy’
where D' is made dimensionless with the molecular kinematic
viscosity, T, by the friction temperature and y, by the ratio of
the kinematic viscosity to the friction velocity. In the Eulerian
calculations the same value of D' was obtained by Egs. (15)
and (17) after a stationary state was reached. In the La-
grangian calculation D' was obtained from Eq. (17).

Values of D' obtained from Eulerian calculations for Pr=1,
3, 10 are presented in Fig. 16, along with the values of the
turbulent kinematic viscosity, V', obtained for H =150. The
turbulent viscosity shown in this figure was calculated with a
128 x 193 x 128 grid. It is noted in this plot that Pr is not
having a strong effect on D' for Pr > 1. In the central regions
of the channel slight differences are noted. These could be real,
but they also could reflect computational issues. As can be seen
in Fig. 4, the temperature gradient at the center of the channel
decreases with increasing Pr so that the accuracy of the cal-
culation becomes more important. Furthermore, the compu-
tations show that the central regions of the channel come to a
stationary state slowly because the convection of temperature
is influenced by large scale, small frequency velocity fluctua-
tions. Thus, differences between the Pr=1 and Pr=3 calcu-
lations could have arisen because insufficient time was allowed
to reach a stationary state for Pr=3. This does not seem to be
the case for Pr= 10, so the difference could be real. However,
the velocity field in the Pr=10 calculations was slightly dif-
ferent from that which existed for Pr=1 because a grid with a
higher resolution was used.

The results in Fig. 16 show that the turbulent diffusivities
for Pr=1, 3, 10 are approximately equal to the turbulent
viscosity for y, < 0.18H or y, < 28 wall units. A comparison
of the maximum ' with the maximum D' for Pr=1 gives a
turbulent Prandtl number approximately equal to 0.87 in the
center regions of the channel. This is somewhat larger than
what has been obtained in calculations for heat transfer from
two walls at the same temperature (Antonia and Kim, 1991).
This suggests that Pr' could depend weakly on the boundary
conditions for the heat transfer and, perhaps, on the Reynolds
number.

Fig. 17 shows the limiting behavior of D'/y3. The value of
D'/y? decreases weakly with Pr as y, — 0. It is also noted that
the thickness of the region, where D'/y* is constant, decreases
with increasing Pr, which suggests that this region would be

(17)

012 [ ——r
0.1 |
T~ 008 | o ]
= [ o 2000, ]
> i °°°neon:
S 006 | 1
T [ ]
O 004 | 1
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Fig. 16. Turbulent diffusivity.
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Fig. 17. Limiting behavior of turbulent diffusivity.

buried in a very thin conductive sublayer or would disappear
in the limit of very high Pr. Since the contribution from tur-
bulent transport is very small compared to that of molecular
transport in this sublayer, the effect of turbulent motion for
y — 0 does not influence the mean temperature profile for very
large Pr and the approach of assuming D' ~ »? may not be
correct.

The balance of turbulent kinetic energy, k, has a term, e,
which represents the rate of energy dissipation. A bulwark of
k—e models and Reynolds stress closure models is the definition
of a characteristic time scale, 7, by using € = kt~' as a model
for e. In the k—e model the turbulent viscosity is taken as
V' ~ kt ~ k?/e. In attempts to use the temperature balance
equation to model D', an additional time scale, ty has been
introduced, which is defined as é = kpt;'. Assumptions that
D' ~ kty or D' ~ k(ty1)"/* have been made (Nagano and Kim,
1988). Calculated 7, are plotted in Fig. 18 for Pr=0.3, 1, 3, 10.
Values of 7, calculated from the velocity field with a 128 x
193 x 128 grid, are also presented. Time scale 7, is seen to be
strongly affected by Pr and to have a different shape from r.
Since Ay varies as Pr '3, it follows that ty ~ Pr'/>. This sug-
gests that the model for € is flawed unless the effect of Pr on ¢
can be explained more easily than the effect of Pr on ¢,. Fur-
thermore, relations for D' of the type given above are incon-
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300
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Fig. 18. Time scale of temperature field in wall unit.

sistent with the results in Fig. 16 which show a small effect (if
any) of Pr on D'.

The gradient transport model has also been used to calcu-
late the turbulent convection of &y, by assuming

0
ox;
Values of 6?0 are presented in Figs. 19 and 20 for Pr=1 and

10. The curves are plots of D'(d6#”/dy). It is seen that the model
is fundamentally incorrect (as would be expected). Locations

at_which v0* =0 do not correspond to a location where
692/6)@- = 0. However, there is a rough agreement in the lo-
cations of maxima in v0* and D'00” /dy.

u0® = D'

(18)

6. Conclusion

For Pr > 1 and for y, > 5, the influence of Prandtl number
on D' is quite small. However, large effects of Pr on
m/(u?)m(f)z)l/z, 6, 1y and Ay are observed. This can be un-
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Fig. 19. Test of gradient diffusion model for turbulent transport term
at Pr=1.
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Fig. 20. Test of gradient diffusion model for turbulent transport term
at Pr=10.
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derstood by recognizing that the range of wavenumbers asso-
ciated with the fluctuating temperature field increases with Pr.
At large Pr the spectral function for 6* can extend to wave-
numbers for which the spectral functions for the velocity field
are close to zero (Batchelor, 1967; Tennekes and Lumley,
1972). However, the correlation between the velocity and
temperature fluctuations is determined by a range of wave-
numbers which is approximately independent of Pr. These
results suggest that 7, rather than 7, is a more significant time
scale characterizing turbulent transport of heat. (This seems to
be what was suggested by Horiuti, 1992.) A corollary of this
observation is that the use of a turbulent Prandtl number to
relate scalar transport to the velocity field could be a sensible
approach. In fact, the assumption that D' = ' is a good ap-
proximation for the viscous wall region (beyond y, = 5) and
the log layer. In the outer flow, D' > ' and the turbulent
Prandtl number depends on the boundary conditions. The
Lagrangian methods developed by Papavassiliou and Han-
ratty (1995, 1997) could provide an opportunity to explore
these effects.

For Pr=1 the turbulent Prandtl number is unity for y, < 5.
At small y, the turbulent diffusivity increases as 2, for all Pr.
However, D'/y] decreases weakly with increasing Pr as y,, — 0.
This can be understood if it is recognized that temperature
fluctuations in this region are mainly governed by fluctuations
in the rate of heat transfer at the wall, rather than hydrody-
namic mixing of hot and cold fluid (Shaw and Hanratty, 1977).

The thickness of the region where D' ~ 7} decreases with
increasing Pr. However, it always lies in the conductive sub-
layer where turbulent transport is negligible compared to
molecular transport; that is, turbulent effects in this region are
not directly influencing the mean temperature profile. For very
large Pr almost all of the temperature change occurs in the
viscous sublayer where ' ~ y3. Because of this, the argument
is commonly made that temperature or concentration profiles
can be calculated by assuming D' ~ 2. The results outlined
above suggests that this approach is incorrect.

If D' is known, the dependency of 6 on y and on Pr can be
calculated from the balance equation for ky, but expressions
for the dissipation and transport terms are needed. The dissi-
pation can be represented by Eq. (13). For the range of Pr
covered by the Eulerian calculations, 4, varies roughly with
Pr~'3. The explanation of this dependency resides in under-
standing the effect of Pr on the spectral function for 6°. The use
of the gradient transport model, Eq. (18), gives only a crude
representation of the turbulent transport of ky. An examina-
tion of the transport terms for Pr=1 and 10 suggests that the
introduction of a proportionality constant in Eq. (18) will not
provide a quick fix. However, the transport terms are not
large, so even a rough approximation might be satisfactory.
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